We present an entanglement purification protocol (EPP) to reconstruct some maximally hybrid entangled states (HESs) from nonmaximally mixed HESs. We use simple linear optical elements such as a polarization beam splitter (PBS) and beam splitter (BS) to achieve this task. Meanwhile, it is shown that the parity-check gates acted by PBS and BS are enough to complete the task, and the controlled-NOT (CNOT) gates or similar logic operations are not needed. Unlike the current EPPs, this protocol can purify not only the conventional bit-flip error and phase-flip error but also the dissipation error coming from the photon loss of the coherent state. It can also be extended to achieve the purification for multiphoton and multicoherent state HES. This protocol may be useful in current hybrid quantum repeaters.
I. INTRODUCTION
Long-distance quantum communication, which has reached a very interesting stage, is used to deal with the transmission and exchange of quantum information between distant nodes of a network. Now many remarkable applications have been reported, such as quantum key distribution (QKD) [1, 2] , teleportation [3] , quantum dense coding [4] , and some other important quantum cryptographic schemes [5] [6] [7] [8] [9] [10] [11] [12] [13] . Such quantum communication processes above all need to share the entangled states to set up the quantum entanglement channel between distant locations. Unfortunately, the optical absorption and the other channel noise will make the photon loss the main obstacle during the entanglement distribution.
To overcome the difficulty associated with the exponential fidelity decay, the concept of quantum repeaters has been proposed [14, 15] . Currently, quantum repeater protocols are usually implemented with atomic ensembles and linear optics [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . Recently, another type of entanglement, hybrid entanglement [27] [28] [29] [30] , can also be used to implement the quantum repeaters [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] . The hybrid entangled state (HES) means that the entanglement is between different degrees of freedom of a particle pair. In 2006, van Loock et al. proposed a hybrid quantum repeater protocol using bright coherent light [31] . In 2008, Munro et al. developed this idea and proposed a high-bandwidth hybrid quantum repeater protocol [32] . They also improved their protocol to implement the highperformance quantum networking with quantum multiplexing [38] . Azuma et al. proposed an efficient hybrid quantum repeater with two coherent states [39] and they discussed the tight bound on coherent-state-based entanglement generation over lossy channels [40] . Recently, a hybrid long-distance entanglement repeater protocol has been proposed [42] . In * shengyb@njupt.edu.cn above hybrid quantum repeater protocols, the solid memory qubit can be converted into the optical qubit in an individual -type atom [16] [17] [18] , a trapped ion [26] , and so on. Recently, the hybrid entangled state of the form 1 √ 2 (|H |β + |V | − β ) can be generated in principle by performing a weak cross-Kerr nonlinear interaction between a single photon and a strong coherent state with the help of a displacement operation [43, 44] , as pointed out by Lee and Jeong. |H and |V denote horizontal and vertical polarizations of the single photon, respectively. The | ± β are the coherent states. In their paper [43] , they proposed a scheme to realize deterministic quantum teleportation using linear optics and hybrid qubits, and such HESs are the necessary resources for universal gate operations. Moreover, the HESs encoded in other degrees of freedom in optical systems have been widely discussed, such as the experiments of QKD and testing nonlocality encoded in time-bin qubit and polarization qubit [45, 46] , the remote preparation of single-photon hybird entangled state [47] , experimental violation of a Bell inequality with the path (linear momentum) of one photon and the polarization of the other photon [28] , the demonstration of spin-orbit hybrid entanglement of photons [48] , and so on [49, 50] .
However, similar to the conventional quantum repeaters, one cannot avoid the channel noises. It will cause the probe beam loss and the single qubit flip. For example, the initial state, 
If a bit-flip error occurs, the initial state may become a mixed state of the form
In this way, if the entangled states are polluted, we should convert them into the maximally entangled states. Entanglement purification is essentially to recover an ensemble of nonmaximally entangled states into a subensemble of high quality of maximally entangled states [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] . The concept of entanglement purification was proposed by Bennett et al. in 1996 [51] . In 2001, Pan et al. proposed an entanglement purification protocol (EPP) with linear optics [54] . We call it the PBS protocol. Later, some other EPPs were proposed, including the purification for the decoherent coherent state, the entangled coherent states, and so on [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] . However, existing EPPs are all focused on the entanglement state with only one degree of freedom. Most of them are focused on the entanglement being in polarization degree of freedom [54] [55] [56] [57] [58] [59] [60] [61] . They cannot deal with the decoherence of HES.
In this paper, we present an efficient hybrid EPP for hybrid quantum repeaters. We show that this EPP can purify not only the bit-flip and phase-flip errors but also the decoherence caused by the photon loss in the coherent state. Interestingly, after performing this EPP, not only is the fidelity of the mixed state improved, but also the amplitude of the coherent state is increased, which is quite different from the conventional EPPs. It makes this EPP more useful in hybrid quantum repeaters. This paper is organized as follows: In Sec. II, we explain this EPP for the hybrid entangled mixed state. In Secs. II A and II B, we describe this EPP for conventional bit-flip error and phase-flip error caused by the single qubit. In Sec. II C, we describe this EPP for purifying the photon loss of the coherent state during practical transmission. It is shown that the photon loss can equal the bit-flip error in other bases, which can be purified with the above method. In Sec. III, we extend this EPP to deal with the HES with multiphoton and multicoherent states. Finally, in Sec. IV, we present a discussion and summary.
II. EPP FOR HES WITH SINGLE PHOTON AND SINGLE COHERENT STATE

A. EPP for a bit-flip error
Now we start to explain this protocol with a simple example. The HES encoding in the optical system makes this EPP rather simple. From Fig. 1 
FIG. 1. Schematic diagram of the proposed HES purification. Two pairs of identical mixed HESs are sent to Alice and Bob from source S1 and source S2. Alice receives the single photon, and Bob receives the coherent state. Only two BSs and one PBS are used here. The PBS and BS1 are used to make parity check.
Here |0 is the vacuum state. We call |β b1 |β b2 and | − β b1 | − β b2 even-parity states. |β b1 | − β b2 and | − β b1 |β b2 are called odd-parity states. We denote the spatial modes using c1 and d1 for the upper modes and c2 and d2 for the lower modes. From Eqs. (4) to (7), we find that the even-parity states will leave the output mode d2 (lower mode) no photons, but odd-parity states will leave the output mode d1 (upper mode) no photons.
From Eq. (3), one can see that the initial state ρ a1b1 ρ a2b2 can be seen as a probabilistic mixture of four pure states. With a probability of . After PBS and BS1, it can be written as
The essential step in this protocol is to select the "three-mode case." Three-mode case means that there is exactly one photon in each spatial output mode for Alice, and exactly no photon in lower mode d2 for Bob. From Eq. (8) 
From Eq. (9), the items
will lead the two photons in the same output modes in Alice's location. The items
will lead to the coherent state in output mode d2 in Bob's location. Therefore, the two combinations can be easily eliminated by choosing the three-mode case.
Finally, by choosing the three-mode case, the remaining states are, with the probability of F 2 , in
and with the probability of (1 − F ) 2 , they are in
Actually, we should point out that the state like |H a1 |H a2 |β b1 | − β b2 can also lead the three-mode case, for the coherent state has some probability in the state |0 . The probability for |β being in |0 is | 0|β | 2 . In hybrid quantum repeater protocol, we need |β 1. In this way, | 0|β | 2 → 0 and can be neglected here.
Alice then generates the maximally entangled state by performing polarization measurement in the basis +/−, where |+ =
(|H − |V ). If the measurement is |+ , one can get the state
, with the fidelity F . Here
Otherwise, one can get
) with the same fidelity. One can perform a phase-flip operation on the single polarized photon to convert the
So far, they have created a mixed state of the form
Here
Certainly, if the fidelity of the initial state F > 1 2 , from Eq. (12), one can obtain F > F . In the traditional EPP, the aim of the purification is to increase the fidelity of the desired state [51] [52] [53] [54] (|H | √ 2β ± |V | − √ 2β ), and the coherent amplitude has been increased. In order to get the same form of the original state
they should convert the |φ 1 to | + by decreasing the coherent amplitude. From Fig. 1 , after BS2, they can get
. (15) If they perform the photon number detection |n n| on the second probe beam in f 2, they can make the | ± β undistinguishable. To realize the projection |n n| deterministically, one should use quantum nondemolition detection (QND) [71, 72] . After the measurement |n n| on f 2, one can finally get the desired state 1 √ 2 (|H |β + |V | − β ) with the fidelity of F . Here we call the process which makes | ± √ 2β become | ± β with BS2 and QND an attenuation process. The increased amplitude of coherent state seems to make the whole EPP difficult because they have to resort to the QND. Interestingly, the increased coherent state actually can be turned into an advantage in hybrid quantum repeaters if we consider the photon loss of the coherent state, which is discussed later.
B. EPP for a phase-flip error
So far, we have discussed the bit-flip error purification for the HES. The phase-error flip can be converted into the bit-flip error with some operations. For example, if Alice performs the operation U , with
Meanwhile, Bob performs the operation U with
If both the operations are performed, they will make
In this way, the phase-flip error has been converted into bit-flip error. Here the operation U and U are essentially the operation B y , which are corresponds to π/2 rotations around y axes. The operation U can be achieved with the half-wave plate. From Ref. [73] , the B z rotation can be realized by displace operator
, which plays an important role to rotate the logical qubit. Therefore, the displacement operator D(i ), where 1 is real, on an arbitrary qubit |ϕ = a|β + b| − β can be regarded as a z rotation of the qubit by U z (θ/2 = 2α ). The rotation B y can be performed by B z and B x with B y = −σ z B x B z B x , where σ z is a π rotation around the z axis. The operations B x for Bob can be achieved by using the nonlinear Kerr medium [74] . In a word, from Eqs. (20) to (23), these operations performed by Alice and Bob will have the same purification effect with the protocol proposed in Ref. [52] . Once the bit-flip error can be corrected successfully, the phase-flip error can be corrected in a subsequent purification step. In this way, one can implement an EPP for general mixed HESs.
C. EPP for the photon loss in the coherent state
We have briefly explained the EPP with a simple example. In a practical quantum repeater protocol, the noise acts on both a single qubit and coherent state. For coherent-state transmission, the main problem is the photon loss in the channel. It will make the original HES | + become
The photon loss in the channel can be described as the reflection with a BS. The transmission probability is η, and the reflection probability is 1 − η, which means that 1 − η photons are dispelled into an environment mode [75, 76] . If a bit-flip error occurs, the mixed state in Eq. (3) can be rewritten as
with
Similar to the above step to purify the mixed state described by Eq. (25) , by choosing two copies of the mixed states ρ ab , with the probability of F 2 , states are | + | + ; with the equality probability F (1 − F ) 
Here | ± √ 1 − ηβ E 1 and | ± √ 1 − ηβ E 2 are the photon losses to the separate environmental modes of | + and | + , respectively. From the above description, as shown in Fig. 1 , after the PBS and BS1, by selecting the three-mode case and measuring the single photon in the basis +/−, one can ultimately get the state
with the same fidelity of F . For the whole system, the photon loss | ± √ 1 − ηβ E 1 and | ± √ 1 − ηβ E 2 from two coherent states can be regarded as the large environment mode as | ± √ 2(1 − η)β E . Compared with Eq. (24), the amplitude of the coherent state has been increased. If we denote |γ ≡ | √ 2β , | + can be rewritten as
Now we rewrite the above state in an orthogonal two dimensional basis {|u ,|v },
where ν = 1 − μ 2 and ν E = 1 − μ 2 E . Using the method described in Ref. [35] , let us trace over the loss mode. Equation (29) becomes
The basis |u ,|v are
From Eq. (32), the photon-loss errors equal to the bit-flip error in the other basis. Therefore, one can purify this kind of error with the same method in a subsequent purification step. In this way, the photon losses in the coherent-state transmission can be induced into the framework of the mixed state with bit-flip error described above. Therefore, in the subsequent process, we do not need to discuss the photon losses specifically.
III. PURIFICATION FOR HES WITH MULTIPHOTON AND MULTICOHERENT STATES
The above purification method can be extended to the HES with multiphoton and multicoherent states. The HES with multiphoton and multi-coherent states can be described as
Here N is both the number of the single photon and the number of the coherent state. The state | + N can be generated from the multiphoton Greenberg-Horne-Zeilinger (GHZ) state [43, 44] . In Ref. [43] , the authors also discussed the hybrid entangled state |α |α |H + | − α | − α |V . Since the hybrid entanglement in Eq. (1) can be used in current quantum repeaters, the state | + N can also be used to connect the entanglement for multiparties in distant locations. Therefore, it may be applied in the future distributed quantum communication network.
Unfortunately, the noise may also degrade the state. A bitflip error may occur on the single qubit and make the state in Eq. (36) become
or may occur on the coherent state and make it become
Now we start to explain the purification for multiphoton and multicoherent HESs. Compared with the purification for HES with single-photon and single-coherent HES like Eq. (1), it is more complicated to purify such a state. We cannot treat multiphoton and multicoherent HESs as straightforward extensions of the single-photon and single-coherent state. Fortunately, they can also be divided as the bit-flip error purification and phase-flip error purification. Here we take N = 2, for example, to show the principle for this kind of purification. The original state | + 2 can be written as
The photons and the coherent states are sent to Alice, Bob, Charlie, and Davis, respectively. Alice receives the single photons from the spatial modes a1 and a2. Bob receives the coherent states from the spatial modes b1 and b2. 
The whole mixed state can be described as
The superscript B means the mixed state which contains the bit-flip error. The purification principle is shown in Fig. 2 acbd . For N = 2, we choose the "six-mode case" to achieve the purification. Six-mode case means that each output mode after the PBSs will exactly register one photon, and the lower mode (analogy with d2) after each BS will register no photon. The two PBSs will register four photons and the lower modes after two BSs will register no coherent state. From Fig. 2 , the crosscombination items | Thus, after selecting the six-mode case, they will get
with the probability of F 2 . Here the item |H H a denotes the two photons belonging to Alice and detectors D1 and D2 both register only one photon. Item | √ 2β b |0 denotes that the coherent state is in the upper mode, with lower mode being |0 . They will also get
with the probability of (1 − F ) 2 . Similar to the Eqs. (10) and (11) 
One can convert the | − 2 acbd to | + 2 acbd by performing a phase-flip operation. In this way, they have purified the bit-flip error. Meanwhile, if the bit-flip error occurs on the coherent state like Eq. (38) , it can also be corrected using the method described above.
The phase-flip error can also be purified in this way. If a phase-flip error occurs, the original state can be written as
The superscript P means the mixed state which contains the phase-flip error. Phase-flip error can be transformed to bit-flip error with the operations described by Eqs. (16)-(19) . However, unlike Eqs. (20)- (23), we cannot get a simple correspondence. After transformation, | + 2 acbd becomes
and | − 2 acbd becomes
Then the whole system can be rewritten as
As shown in Fig. 2 , they let two copies of the mixed states of the form of Eq. (48) 
with the probability of F 2 , and get
with the probability of (1 − F ) 2 . Equations (49) and (50) can be transformed to Eqs. (46) and (47) 
The purified mixed state can be rewritten as
Therefore, the phase-flip error can also be purified after converting it to the bit-flip error.
For correcting the bit-flip errors and phase-flip errors in multiphoton and multicoherent quantum systems, we can follow the same steps as in the case of N = 2. For instance, the N-photon and N -coherent quantum system can be described as Eq. (36) . If a bit-flip error occurs on the first photon, which is described as Eq. (37), we choose the 3N-mode case and the whole system will become
with the probability of F 2 , and
with the probability of (1 − F ) 2 . In order to obtain the purified mixed state, they should measure the second photon in each party in the +/− basis and decrease the amplitude of the coherent states in analogy with the previous purification. After performing a 45
• rotation on each photon in the second N -photon system, Eq. (53) becomes
and Eq. (54) becomes
Finally, by decreasing the amplitude of the coherent states, they will get a new mixed state | + N with the probability of We denote
One can also convert the | − N to the desired state | + N by performing a phase-flip operation. In essence, the process above is used to correct the bit-flip error on the first photon. Those errors on the other photons and the coherent states can also be corrected in the same way and one will get similar results. The phase-flip error can also be corrected in this way, that is, to transform the phase-flip error to bit-flip error and purify it in the next round. In this way, you can completely purify the HES for multiphoton and multicoherent states.
IV. DISCUSSION AND CONCLUSION
We have explained our hybrid EPP for quantum repeaters. It is interesting to compare it with the PBS protocol [54] . In the PBS protocol, the PBS plays the role of a CNOT gate between a spatial-mode qubit and a polarization qubit. The spatial mode, which is flipped or not flipped, is a function of polarization. In fact, the PBS protocol tells us that to implement the purification protocol, the genuine CNOT gate is not necessary. We only need one function of the CNOT gate, that is, the parity check. In Ref. [54] , the four-mode cases ask us to choose the case in which Alice and Bob are in the same even parity. The crosscombination items cannot satisfy this condition with one being in odd parity and the other being in even parity. In this EPP, the PBS can be seen in the same role as in the PBS protocol. It is clear that the BS cannot act as the CNOT gate, while it only makes a parity check. From Eqs. (4)-(7), after the BS, the even parity such as |β |β and | − β | − β will be in the upper mode d1, and the odd parity |β | − β and | − β |β will be in the lower mode d2. The parity check for coherent state is quite different from the single photon. After the BS, one of the output modes will get an amplitude amplification of the coherent state | √ 2β or | − √ 2β , while another output mode will get |0 . Therefore, after performing the purification protocol, not only does the fidelity increase but also the composition of the states are changed. Interestingly, the amplified coherent state is one of the advantages of our protocol. The probe beam in hybrid quantum repeater is used to create the entanglement in the neighbor node [31, 32, 35, 39] . On one hand, one of the problems in a quantum repeater is the photon loss for coherent state. The fidelity of the mixed HES is proportional to the quality of quantum channel, that is, the worse the channel, the lower the fidelity. Therefore, the increased coherent state may improve the fidelity of the whole quantum system. On the other hand, after the transmission, the coherent state will interact with the second single qubit via the controlled displacement operation D(βσ z ), which is used to create another entanglement. In an optical system, this displacement operation can be performed by cross-Kerr interaction [44, 74] In this EPP, the PBS cannot distinguish the cases where both Alice and Bob are in the odd parity, because the two photons are in the same output mode. It makes the success probability the same as for the PBS protocol, which is half of Ref. [51] . In fact, the purification protocol for decoherent coherent-state superpositions has been proposed by Suzuki et al. in 2006 using partial homodyne detection [70] . Their protocol is used to deal with the single coherent state, and it cannot purify the hybrid entanglement state. Moreover, after purification, the amplitude of the coherent state will decrease and one should perform another amplification process to recover it. Certainly, we acknowledge that the practical noise is much harder to deal with theoretically. The true noise not only makes the states mixed but also makes the photon loss occur on both the single photon and the coherent state. Moreover, the noise will also make two or more photons have the bit-flip error in the multiphoton and multicoherent state HES. Therefore, it is worth performing the study in a future work.
In conclusion, we have presented an optical hybrid EPP for quantum repeaters. This protocol can purify not only the mixed state caused by bit-flip and phase-flip errors but also the coherent-state dissipation. Interestingly, after purification, the amplitude of the coherent state is increased, which is an advantage of this EPP. It is feasible for current technology. Moreover, we show that to achieve the task of entanglement purification, a parity-check gate is enough.
One does not need to resort to the CNOT gate or similar logical operation. This protocol can also be extended to the system of multiphoton and multicoherent states. We hope that this protocol has useful applications in current quantum communication.
